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A fundamental theorem which automatically transforms the solution due to the presence of an arbitrary axisymmetric
singularity in an unbounded homogeneous isotropic elastic solid into the corresponding solution for two perfectly bonded
isotropic semi-inﬁnite elastic solids is systematically applied in a stepwise fashion to obtain the complete image system
when an arbitrary axisymmetric singularity is operative in or near a thick elastic layer which separates two other dissimilar
isotropic semi-inﬁnite elastic solids. The solution is closed and well structured. As an illustration, the distant eﬀect in the
interface layer produced by an inﬂuencing normal point force is luminously revealed to be two-dimensional, consisting of a
combination at the origin of a bending hot spot and an inﬁnite line of centres of dilatation. We conclude the paper with a
complete theory of images for a free elastic layer under the inﬂuence of both axisymmetric and asymmetric singularities.
We ﬁnd that if the inﬂuencing displacement ﬁeld is the gradient of a harmonic function, then the calculation of the induced
elastic ﬁeld reduces to the operation of diﬀerentiation only.
 2007 Published by Elsevier Ltd.
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Singularities are commonly present in homogeneous and composite materials, examples being dislocations
and point defects (Eshelby, 1951). When such singularities exist in an elastic layer, the common method of
attack is to represent the complete solution in terms of complicated inﬁnite integrals involving Bessel and expo-
nential functions. Thus Dougall (1904) considers the problem of a point force of arbitrary orientation inside an
elastic layer and represents the solution in terms of three harmonic functions which are, in turn, expressed in
terms of Hankel integrals. Aderogba (2000) also represents the solution of the problem of the transmission of
axisymmetric singularities through a thick layer separating two media in terms of Hankel integrals.
It seems to have escaped notice that when a space bounded by two parallel planes contains a singularity,
two inﬁnite series of images of the singularity are produced which all lie outside the bounded space, and there-
fore fulﬁl the condition of the applicability of the method of images. We are therefore inspired by Maxwell’s
(1873) recognition of this phenomenon in his intellectually rich concise treatment of electrical conduction
through a thick plate separating two dielectric media to consider the corresponding elastostatic counter part0020-7683/$ - see front matter  2007 Published by Elsevier Ltd.
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thick elastic layer which separates two other dissimilar isotropic semi-inﬁnite elastic solids. Structurally, the
image system clearly exhibits the connection between the complete solution and the loading function and also
facilitates the calculation of physically interesting quantities, such as asymptotic values.
2. A fundamental theorem
To simplify the analysis of the plane-layered system, we ﬁrst state a useful basic theorem which automat-
ically transforms the solution for an isotropic homogeneous unbounded solid under the inﬂuence of an arbi-
trary axisymmetric singularity into the corresponding solution for two perfectly bonded isotropic semi-inﬁnite
solids.
Let r, h, z be circular cylindrical coordinates, which are connected with the rectangular Cartesian coordi-
nates x, y, z through the relations x = rcosh, y = r sinh. We suppose that the half-space 1 < z < 0 is occu-
pied by an isotropic elastic solid of shear modulus l1 and Poisson’s ratio m1, while the complimentary half-
space 0 < z <1 is occupied by a diﬀerent isotropic elastic solid of shear modulus l2 and Poisson’s ratio m2,
a perfect bond being maintained at the interface z = 0. Let an arbitrary axisymmetric singularity be speciﬁed
in the second solid occupying z > 0, which in an unbounded homogeneous isotropic solid is characterized by
Love’s strain functionW(r,z). Then the modiﬁed Love’s functionsW1 andW2 in the respective spaces z < 0 and
z > 0 are explicitly given byW1 ¼ L1ðzÞWðr; zÞ;
W2 ¼ Wðr; zÞ þ L2ðzÞWðr;zÞ;
ð1ÞwhereL1ðzÞ ¼ 1þ a12 þ 1
2
z b12  a12ð Þ
Z
r2fgdzþ 1
4
ð1þ b12Þð1 4m1Þ  ð1þ a12Þð1 4m2Þ½ 
Z Z
r2fgdzdz;
L2ðzÞ ¼ a12 1 4m2 þ 2z ooz z
2r2
 
þ 1
4
b12  a12ð1 4m2Þ2
h i Z Z
r2fgdzdz 2za12ð1 2m2Þ
Z
r2fgdz;
ð2Þ
whilea12 ¼ ðl1  l2Þ= l1ð3 4m2Þ þ l2f g;
b12 ¼ l1ð3 4m2Þ  l2ð3 4m1Þf g= l1 þ l2ð3 4m1Þf g:
ð3ÞThe contraction constants a12 and b12 are essentially the same as the perfect bond parameters A and B, respec-
tively, deﬁned by Dundurs and Hetenyi (1965) in their concise treatment of the transmission of force between
two semi-inﬁnite solids.
The biharmonicity of (1) is guaranteed by the theorem that if F(x1,x2,x3) is a biharmonic function of the
rectangular Cartesian coordinates (x1,x2,x3) which are the same as (x,y,z), then the functionsxi
oF
oxi
; xi
o
oxj
 xj ooxi
 
F ; xi 2
o
oxj
 xjr2
 
F ; z
Z
r2F dzare also biharmonic. Vectorially, this theorem asserts that the scalar and vector products of the position vector
and the gradient of any biharmonic scalar function are also biharmonic.
In standard indicial notation, and in the rectangular Cartesian coordinates xi, the displacements ui and
stresses rij are now computable from the general formulae2lui ¼ 2ð1 mÞr2Gi  Gj;ij;
rij ¼ r2 ð1 mÞ Gi;j þ Gj;i
 þ mdijGk;k 	 Gk;ijk ð4Þ
in which dij stands for the Kronecker delta, $
2 again designates the three-dimensional Laplacian operator,
while in the present axisymmetric problem
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In passing, and in preparation for the analysis of the three plane-layered system, we also puta32 ¼ l3  l2ð Þ= l3ð3 4m2Þ þ l2f g;
b32 ¼ l3ð3 4m2Þ  l2 3 4m3ð Þf g= l3 þ l2 3 4m3ð Þf g;
ð5Þ
I2ðzÞ ¼ a32 1 4m2þ 2z ooz z
2r2
 
þ 1
4
b32  a32 1 4m2ð Þ2
h iZ Z
r2fgdzdz 2za32 1 2m2ð Þ
Z
r2fgdz;
I3ðzÞ ¼ 1þ a32þ 1
2
z b32  a32ð Þ
Z
r2fgdzþ 1
4
1þ b32ð Þ 1 4m3ð Þ  1þ a32ð Þ 1 4m2ð Þ½ 
Z Z
r2fgdzdz:
ð6Þ
We thus have a complete axisymmetric theory of elastic images in the case of two media separated by a plane
surface. Whatever be the nature of the singularities in the second medium the Galerkin function they produce
in the second medium may be found by combining their direct eﬀect with the eﬀect of their image.
3. The interior problem
We now assume that the three-dimensional regions 1 < z < 0, 0 < z < H and H < z <1 are occupied by
three linearly elastic isotropic dissimilar materials of moduli (l1,t1), (l2,t2) and (l3,t3), respectively. An arbi-
trary axisymmetric singularity is operative inside the interface layer of moduli (l2,t2), which in an unbounded
homogeneous isotropic material is characterized by Love’s function W(r,z). We seek the modiﬁed Love’s func-
tions W1, W2 and W3 in the three regions z < 0, 0 < z < H and H < z <1, assuming that a perfect bond is
maintained at each interface z = 0 and z = H. We shall apply our fundamental theorem to solve this problem
in a systematic stepwise fashion, by disregarding each interface in turn.
First, disregarding the interface z = H, an application of the fundamental theorem yields the ﬁrst
approximationW1 ¼L1ðzÞWðr; zÞ;
W2 ¼Wðr; zÞ þ L2ðzÞWðr;zÞ:But this ﬁrst approximation violates the perfect bond condition at the interface z = H. Therefore, disregarding
next the interface z = 0, an application of the fundamental theorem at z = H yields the second constructionW2 ¼Wðr; zÞ þ L2ðzÞWðr;zÞ þ I2ðH  zÞ Wðr; 2H  zÞ þ L2ð2H  zÞWðr; z 2HÞ½ ;
W3 ¼I3ðH  zÞ Wðr; zÞ þ L2ðzÞWðr;zÞ½ :This second approximation, in turn, upsets the perfect bond condition at the interface z = 0. We therefore
automatically require a third constructionW1 ¼L1ðzÞ Wðr; zÞ þ I2ðH  zÞ Wðr; 2H  zÞ þ L2ð2H  zÞWðr; z 2HÞf g½ ;
W2 ¼Wðr; zÞ þ L2ðzÞWðr;zÞ þ I2ðH  zÞ Wðr1; 2H  zÞ þ L2ð2H  zÞWðr; z 2HÞ½ 
þ L2ðzÞI2ðH þ zÞ Wðr; 2H þ zÞ þ L2ð2H þ zÞWðr;z 2HÞ½ :
This process can be continued indeﬁnitely. This should occasion no surprise because every singular point
(x,y,h) inside the interface layer gives rise to two inﬁnite series of images (x,y,h ± 2nH) and (x,y,h ± 2mH)
for positive integral values of n and for non-negative integral values of m. Thus if we putDnðzÞ ¼ I2ðH þ zÞL2ð2H þ zÞ    L2f2ðn 1ÞH þ zgI2fð2n 1ÞH þ zg; ð7Þ
then we ﬁnd that the complete solution of our interior problem admits the series representationsW1 ¼ L1ðzÞ Wðr; zÞ þ
X1
n¼1
DnðzÞ Wðr; 2nH  zÞ þ L2ð2nH  zÞWðr; z 2nHÞf g
" #
; ð8Þ
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X1
n¼1
DnðzÞ Wðr; 2nH  zÞ þ L2ð2nH  zÞWðr; z 2nHÞ½  þ L2ðzÞ

X1
n¼1
DnðzÞ Wðr; 2nH þ zÞ þ L2ð2nH þ zÞWðr;z 2nHÞ½ ; ð9Þ
W3 ¼ I3ðH  zÞ Wðr; zÞ þ L2ðzÞWðr;zÞ½
þL2ðzÞ
X1
n¼1
DnðzÞ Wðr; 2nH þ zÞ þ L2ð2nH þ zÞWðr;z 2nHÞf g
#
: ð10ÞIt is thus seen from (10) that the distant eﬀect in the third medium due to the speciﬁcation of an arbitrary axi-
symmetric singularity in the interface layer is given explicitly byW13 ¼ I3ðzÞ W0ðr; zÞ þ L2ðzÞW0ðr;zÞ þ
X1
n¼1
L2ðzÞI2ðzÞf gn W0ðr; zÞ þ L2ðzÞW0ðr;zÞf g
" #
;where W0 is Love’s function for the unbounded medium when the singularity is located at the origin. In par-
ticular, when the inducing singularity is a concentrated normal force (0,0, f3), we ﬁnd thatW13 ¼ cI3ðzÞ
X1
n¼0
L2ðzÞI2ðzÞf gn 1þ L2ðzÞf gR;where c is a constant, while R2 = x2 + y2 + z2.
On the other hand, the distant eﬀect in the interface layer of moduli (l2,t2) due to the speciﬁcation of the
normal force (0,0, f3) at the point (0,0,h) inside the layer is characterized byW12 ¼c 1þ L2ðzÞ½ r2 log
1
r
þ c
X1
n¼1
DnðzÞ 1þ L2ð2nH  zÞ½ r2 log 1r
þ cL2ðzÞ
X1
n¼1
DnðzÞ 1þ L2ð2nH þ zÞ½ r2 log 1r ;which luminously exhibits a two-dimensional character, dominated by a combination at the origin of a bend-
ing hot spot and a line of centres of dilatation.4. The exterior problem
We suppose now that an arbitrary axisymmetric singularity acts in the ﬁrst semi-inﬁnite solid of moduli
(l1,t1), which in the unbounded solid is characterized by W(r,z). We wish to determine the modiﬁed Love’s
functions W1, W2 and W3 in the three respective regions z < 0, 0 < z < H and H < z <1, a perfect bond being
maintained at each interface z = 0 and z = H. Towards this end, we putLðzÞ ¼ a21 1 4m1 þ 2z ooz z
2r2
 
þ 1
4
b21  a21ð1 4m1Þ2
h i Z Z
r2fgdzdz
 2za21 1 2m1ð Þ
Z
r2fgdz; ð11Þ
IðzÞ ¼ 1þ a21 þ 1
2
z b21  a21ð Þ
Z
r2fgdz
þ 1
4
1þ b21ð Þ 1 4m2ð Þ  1þ a21ð Þ 1 4m1ð Þ½ 
Z Z
r2fgdzdz; ð12Þwhere
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b21 ¼ l2 3 4m1ð Þ  l1 3 4m2ð Þf g= l2 þ l1 3 4m2ð Þf g:
ð13ÞThen, by again applying the image method in a systematic stepwise fashion we ﬁnd that the complete solution
of our exterior problem admits the well-structured representationW1 ¼ Wðr; zÞ þ LðzÞWðr;zÞ þ L1ðzÞ
X1
n¼1
DnðzÞIð2nH  zÞWðr; 2nH  zÞ; ð14Þ
W2 ¼ IðzÞWðr; zÞ þ
X1
n¼1
DnðzÞIð2nH  zÞWðr; 2nH  zÞ
þ L2ðzÞ
X1
n¼1
DnðzÞIð2nH þ zÞWðr; 2nH þ zÞ; ð15Þ
W3 ¼ I3ðz HÞIðzÞWðr; zÞ þ I3ðz HÞL2ðzÞ
X1
n¼1
DnðzÞIð2nH þ zÞWðr; 2nH þ zÞ: ð16ÞFrom (16), we readily deduce that the distant eﬀect in the third medium due to the speciﬁcation of an arbitrary
axisymmetric singularity in the ﬁrst medium is given byW13 ¼ I3ðzÞ
X1
n¼0
L2ðzÞI2ðzÞ½ nIðzÞW0ðr; zÞ; ð17Þwhere W0(r,z) is Love’s function for an unbounded solid when the singularity is speciﬁed at the origin. In par-
ticular, if the inﬂuencing singularity is a normal point force (0,0, f3), for which W0(r,z) = cR, then, for n = 0,
Eq. (17) consists of a normal point force at the origin together with a semi-inﬁnite line of centres of dilatation
along the negative z-axis.
5. Overall isotropic moduli of a multilayered medium
Let the half-space 0 < z <1 be occupied by n plane-layered materials of moduli (l2,m2), (l3,m3)   (ln,mn),
(l1,m1), while the half-space 1 < z < 0 remains occupied by the matrix material of moduli (l1,m1). It is
required to ﬁnd the overall isotropic elastic moduli of this multilayered system.
Let a point defect be operative in the half-space 1 < z < 0 of moduli (l1,m1). Then, by Eq. (17), we infer
that the distant eﬀect produced by this inﬂuencing point defect in the outermost half-space of moduli (l1,m1) is
dominated byW1nþ1 ¼
4nW n logðRþ zÞ
l1
l2
þ 3 4m1
h i
l2
l3
þ 3 4m2
h i
. . . lnl1 þ 3 4mn
h i ;whereW n ¼ ð1 m1Þð1 m2Þ    ð1 mnÞ; n ¼ 1; 2; . . .
But if this upper half-space 0 < z <1 had been occupied by a single homogeneous material of moduli (l*,m*),
the distant eﬀect produced in this material by the inﬂuencing point defect would have beenW1 ¼
4lð1 m1Þ
l1 þ lð3 4m1Þ
logðRþ zÞ:It seems, therefore, that the homogeneous material of moduli (l*,m*) is equivalent to the n-layered materials in
the upper half-space 0 < z <1 provided that
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l
þ 3 4m1 ¼ l1l2
þ 3 4m1
 
l2
l3
þ 3 4m2
 
   ln
l1
þ 3 4mn
 
1 m1
4n1W n
;which gives a formula for the determination of the overall shear modulus l*.
Similarly, by replacing the inﬂuencing point defect by a point force, and then invoking (17) again, we ﬁnd
that the overall Poisson’s ratio m* of the multilayered system is determinable from the equation1þ l1
l
ð3 4mÞ ¼ 1þ l1l2
ð3 4m2Þ
 
1þ l2
l3
ð3 4m3Þ
 
   1þ ln
l1
ð3 4mnnÞ
 
1 m1
4n1W n
:If we suppose that the individual phases are incompressible, then we ﬁnd from these formulae that the mul-
tilayered medium is also incompressible. If the individual phases also have the same shear modulus, then the
multilayered medium assumes this common shear modulus.6. A complete theory of images for the elastic layer
We ﬁnally consider the determination of the complete system of images for an isotropic elastic layer of
moduli (l,t) which occupies the region 0 < z < H, for all x and y, the boundaries z = 0 and z = H being trac-
tion-free. An arbitrary singularity acts in the interior of the layer, which in an unbounded solid is characterized
by the biharmonic Galerkin vector function (F, 0,G). We seek the induced Galerkin vector function (G1,0,G3)
in terms of the undisturbed Galerkin vector function (F, 0,G). Towards this end we putX1ðzÞ ¼ 2x ooz
1
2
zr2
 
þ x 1 2mð Þ
Z
r2fgdz;
X3ðzÞ ¼  1 4mþ 2z ooz z
2r2
 
 2m 1 2mð Þ
Z
dz
Z
r2fgdzþ 2z 1 2mð Þ
Z
r2fgdz;
XðzÞ ¼ 1þ 2 x o
ox
þ y o
oy
þ 2z o
oz
 1
2
z2r2
 
þ 2 1 mð Þ 1 2mð Þ
Z
dz
Z
r2fgdz:
ð18ÞWe may now apply the image method as illustrated in the last two sections. Thus, disregarding the bound-
ary z = H, the boundary z = 0 is traction-free if we construct the ﬁrst approximation in the formG1 ¼ F ðx; y; zÞ þ XðzÞF ðx; y;zÞ;
G3 ¼Gðx; y; zÞ þ X3ðzÞGðx; y;zÞ þ X1ðzÞF ðx; y;zÞ:The consideration of the traction-free condition at the second boundary z = H immediately requires the
modiﬁcationG1 ¼ F ðx; y; zÞ þ XðzÞF ðx; y;zÞ þ XðH  zÞ F ðx; y; 2H  zÞ þ Xð2H  zÞF ðx; y; z 2HÞ½ ;
G3 ¼ Gðx; y; zÞ þ X3ðzÞGðx; y;zÞ þ X1ðzÞF ðx; y;zÞ
þ X3ðH  zÞ Gðx; y; 2H  zÞ þ X3ð2H  zÞGðx; y; z 2HÞ þ X1ð2H  zÞF ðx; y; z 2HÞ½ 
þ X1ðz HÞ F ðx; y; 2H  zÞ þ Xð2H  zÞF ðx; y; z 2HÞ½ :As before, the process can be continued indeﬁnitely. If we putAnðzÞ ¼ XðH þ zÞXð2H þ zÞ   X 2n 1ð ÞH þ zf g;
BnðzÞ ¼ X3ðH þ zÞX3ð2H þ zÞ   X3 2n 1ð ÞH þ zf g;
DnðzÞ ¼ X1ðH þ zÞXð2H þ zÞXð3H þ zÞ   X 2n 1ð ÞH þ zf g;
ð19Þthen we ﬁnally ﬁnd that
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þ
X1
n¼1
AnðzÞ F ðx; y; 2nH  zÞ þ Xð2nH  zÞF ðx; y; z 2nHÞ½ 
þ XðzÞ
X1
n¼1
AnðzÞ F ðx; y; 2nH þ zÞ þ Xð2nH þ zÞF ðx; y;z 2nHÞ½ ;
ð20Þ
G3 ¼ Gðx; y; zÞ þ X3ðzÞGðx; y;zÞ þ X1ðzÞF ðx; y;zÞ
þ
X1
n¼1
BnðzÞ Gðx; y; 2nH  zÞ þ X3ð2nH  zÞGðx; y; z 2nHÞ þ X1ð2nH  zÞF ðx; y; z 2nHÞ½ 
þ X3ðzÞ
X1
n¼1
BnðzÞ Gðx; y; 2nH þ zÞ þ X3ð2nH þ zÞGðx; y;z 2nHÞ½
þX1ð2nH þ zÞF ðx; y;z 2nHÞ 
X1
n¼1
DnðzÞ F ðx; y; 2nH  zÞ½
þXð2nH  zÞF ðx; y; z 2nHÞ þ X1ðzÞ
X1
n¼1
AnðzÞ F ðx; y; 2nH þ zÞ½
þXð2nH þ zÞF ðx; y;z 2nHÞ þ   
ð21ÞA possible application of the foregoing formulae is to the case of a point force (f1,0,0) applied at the point
(0,0,h) inside the layer. In the absence of the plane boundaries, the appropriate Galerkin function for the
unbounded solid is F(x,y,z) = cR1, where c is a constant, whileR21 ¼ r2 þ ðz hÞ2; R22 ¼ r2 þ ðzþ hÞ2:
With the boundaries present, substitution into (20) yieldsG1 ¼ c R1 þ XðzÞR2½  þ c
X1
n¼1
AnðzÞ R1n þ Xð2nH  zÞR2n½  þ cXðzÞ
X1
n¼1
AnðzÞ R3n þ Xð2nH þ zÞR4n½ ;whereR21n ¼ r2 þ ðzþ h 2nHÞ2; R22n ¼ r2 þ ðz h 2nHÞ2; R23n ¼ r2 þ ðz hþ 2nHÞ2;
R24n ¼ r2 þ ðzþ hþ 2nHÞ2:Therefore, since R = R2/R, it follows that as r!1 the distant eﬀect of the inﬂuencing parallel force (f1,0,0) is
characterized byG11 ¼ c1r2 þ c2r2 log r þ c3z2 log r;
which consists of a combination of a rigid body displacement in the x-direction, a two-dimensional concen-
trated force at the origin, also in the x-direction, and a two-dimensional line of dilatation doublet whose axis
is parallel to the x-axis, c1, c2 and c3 being constants.
Finally, if the inﬂuencing displacement ﬁeld is the gradient of a harmonic function, then F = 0 and G is a
harmonic function. Hence the basic formula (21) passes over intoG3 ¼ Gðx; y; zÞ  1 4mþ 2z ooz
 
Gðx; y;zÞ
þ
X1
n¼1
BnðzÞ Gðx; y; 2nH  zÞ  1 4mþ 2 z 2nHð Þ ooz

 
Gðx; y; z 2nHÞ
 
þ X3ðzÞ
X1
n¼1
BnðzÞ Gðx; y; 2nH þ zÞ  1 4mþ 2 2nH þ zð Þ ooz

 
Gðx; y;z 2nHÞ
 
:
ð22Þ
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dz
Z
r2 z of
oz
 
dz ¼ 2f ; z
Z
r2 z of
oz
 
dz ¼ 2z of
oz
;all the calculations required in (22) involve the process of diﬀerentiation only. We therefore conclude that
whenever the inﬂuencing displacement ﬁeld is the gradient of a harmonic function, the calculation of the in-
duced elastic ﬁeld reduces to the operation of diﬀerentiation only.
In a sense this section may be regarded as a uniﬁcation and generalization to a free layer the 40 image solu-
tions constructed by Mindlin (1950) for a semi-inﬁnite solid with a traction-free plane boundary.
Finally, historically, the method of images was ﬁrst applied to two perfectly bonded isotropic semi-inﬁnite
elastic solids by Michell (1899).
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